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AHHOTapHfl 

B 1968 ropy H. B. Ecdhmob ,a,OKa3aji cjie,zryiomyio 3aMenaTejibHyio TeopeMy: 
JJycmb f : R 2 — > R 2 € C , npuueM det f'(x) < Bar ecex i£l 2 . LTycmb, Kpo- 
Me mozo, cyiu^ecmeymm noAomcumeAbHafi gjyHKyuA a = a{x) > u HeompuuameA'b- 
nue nocmosmnue C\, C2 manue, umo 3am ecex i,j£K 2 cnpaeedAueu uepaeencmea 
|l/o(s)-l/o(y)| ^C 1 \x-y\ + C 2 u\detf'{x)\ > a(s)|rot f(x)\ + a 2 {x). Tozda f{R 2 ) 
ecmt> eunyKACLH o6Aacmb u f omo6pawcaem R 2 na f(R 2 ) soMeoMopgino. 
3flect rot/(x) o6o3HauaeT poTop dayman™ / b TouKe i£l 2 , 
JX&ima, CTaTbfl HBjiHeTca o63opoM aHajioroB btoh TeopeMbi, ee o6o6meHnn n npn- 
jiojKeHHH b Teopnn noBepxHOCTeii, Teopini cpyHKirHii, a TaK»ce b nccjie^oBaHnax no 
rnnoTe3e HKo6naHa n rjio6ajibHon acHMnTOTnnecKoii ycTonnnBOCTH ^HHaMnnecKHX 

CHCTeM. 

Abstract 

Victor Alexandrov, On a differential test of homeomorphism, found by N. V. Efimov. 
In the year 1968 N. V. Efimov has proven the following remarkable theorem: 
Let / : I 2 -> M 2 £ C 1 be such that det/'(x) < for all x € R 2 and let there 
exist a function a = a{x) > and constants C\ ^ 0, C2 ^ such that the inequalities 
\l / a(x) — I / a(y)\ < C\\x — y\ + C2 and | det f(x)\ ^ a(x)|curl f(x)\ + a 2 (x) hold 
true for all x,y G R 2 . Then f(R 2 ) is a convex domain and f maps R 2 onto f(R 2 ) 
homeomorhically. 

Here curl f(x) stands for the curl of / at x € R 2 . 

This article is an overview of analogues of this theorem, its generalizations and 
applications in the theory of surfaces, theory of functions, as well as in the study of 
the Jacobian conjecture and global asymptotic stability of dynamical systems. 



1 Pa6oTa BbinojiHeHa npii no^epjKKe POOH (ko,!!; npoeKTa 10-01-91000-aH4)), <E> 11,11 «HayHHbie 11 
HayHHO-neflaroriraecKHe Kaflpti iihhob auiiOHHon Pocchh» Ha 2009-2013 rr. (roc. KOHTpaKT 02.740.11.0457) 
h CoBeTa no rpanraM IIpesHfleHTa PO pjin no/mepjKKii Be^yiniix HayHHtix hikoji (HIH-6613. 2010.1). 
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I. BBEflEHHE 

0,ti;hhm H3 KpynHeftniHx ^ocTHJKeHHfi MaTeMaTHKH XIX Bexa CTajio co3^aHHe reoMeTpHH 
JIoGaneBCKoro hjih, KaK cefinac npHHHTO roBopHTb, — rHnepGojiHHecKoft reoMeTpHH. ITpn 
3tom npHHirHnnajibHoe 3HaHeHHe hmcji Bonpoc o BHyTpeHHefi HenpoTHBopenHBocTH TaKofi 
reoMeTpHH . IlepBoe npo/XBHJKeHHe b stom HanpaBjieHHH cflejiaji b 1868 ro^y 3. BejnvrpaMH 
b pa6oTe «OnbiT HHTepnpeTauHH HeeBKjiH^oBofl reoMeTpnn » , cm. [H] hjih pyccKHfl nepe- 
bojj; b [TTj c. 342-365]. Oh jj;oKa3aji, hto cneu,uaAbnue^ o6Aacmu nAOCKOcmu JIoBaneecKozo 
Mozym 6umb u30MempuHH0 omo6pacHceHU na nodxodsiu^ue o6Aacmu na nceedoctfiepe, t. e. 
Ha noBepxHocTH, o6pa3yeMOH BpameHHeM TpaKTpncbi okojio ee acHMnTOTBi . 3tot pe3yjib- 

TaT 6bIJI BOCnpHHHT COBpeMeHHHKaMH 3. BejibTpaMH, B CyiHHOCTH, KaK Ji;OKa3aTejIbCTBO 

HenpoTHBopeHHBOCTH reoMeTpHH JloGaneBCKoro. BnponeM, He b K&yKppR tohkc nceB^occpe- 
pbi cymecTByeT KacaTejibHaa njiocKocTb h j^jih nojiHoro ycnexa Hy>KHo Gbijio 6m Haft™ 
b TpexMepHOM eBKjiH/i;oBOM npocTpaHCTBe peryjiapHyio noBepxHOCTb, H30MeTpHHHyio Been 
njiocKOCTH JIoGaneBCKoro. 

O^HaKO b 1901 ro,n;y J\. THjibGepT /i;oKa3aji, hto sto hcbo3mo:>kho, cm. [23] hjih pyccKHft 
nepeBOJi, b [4J ,II,o6aBjieHHe V]. A hmchho, oh ji;oKa3aji, hto e mpexMepnoM eeKAudoeoM 
npocmpancmee ne cyuificmeyem hoahou pezyAApnoil noeepxHocmu c ompunameAbnou u 
nocmoHHHou zayccoeou npueu3nou. B pe3yjibraTe ji;oKa3aTejibCTBo HenpoTHBopenHBocTH 
reoMeTpHH JIoGaneBCKoro nonijio ^pyrHM nyTeM, o^HaKo Bonpoc o tom HacKOJibKo cyme- 
CTBeHHo TpeGoBaHHe noeroHHCTBa rayccoBofi kphbh3hbi b TeopeMe J\. TnjibGepTa ,nojiroe 

BpeMH OCTaBajICH OTKpblTblM. 

TojibKo b 1964 ro,n;y b H. B. Ecphmob nojiHocTbio chhji sto orpamiHeHHe, ji;oKa3aB, hto 
e mpexMepnoM eeKAudoeoM npocmpancmee neeo3Mootcna noAna peeyASipna noeepxnocmb 
c zayccoeou Kpueu3nou K ^ const < 0, cm. [7] hjih [10] . ^J,jih ,n;oKa3aTejibCTBa oh pa3- 
pa6oTaji opnrHHajibHbiH MeTOfl Hccjie,noBaHHH ccpepHnecKoro oTo6paaceHHH, Ha3breaeMbiH 
HHor^a «MeTo^,OM BorHyToii onopbi», c noMombio KOToporo b 1968 roiiy Ji;oKa3aji cjie/ryio- 
inne iTBe TeopeMbi: 

TeopeMa 1 (H.B. EcpHMOB [8]). IJycmb f : R 2 — > R 2 npunadAeofcum KAaccy C 1 , npu- 
ueM smo6uan omo6pamcenua f ecmdy ompuv^ameAen, m. e. det/'(x) < 3aa ecex x G R 2 . 
Ilycmb, KpoMC moso, cyu^ecmeymm noAOOfcumeAbnaa q^ynnvALR a = a(x) > u neompuu,a- 
meAbnue nocmoannue C\, C 2 manue, umo 3aa ecex x,y G R 2 cnpaeedAueo nepaeencmeo 

1 1 

a(x) a(y) 

Tozda ecAu 3ah ecex x G R 2 eunoAneno nepaeencmeo 

|det/'(x)| ^ a{x)\Totf(x)\ + a 2 {x), 
mo /(R 2 ) ecmt eunyKAan o6Aacmt u f omo6pacncaem M 2 na f(M. 2 ) soMeoMopfino. 

2 A HMeHHO, o6jiacTH o/i,Horo H3 cjieflyiomnx Tpex tiiiiobi (i) 3aKjiiOHeHHbie MejK^y ppyMsi nepeceKaio- 
mHMHCH npHMbiMH h opToroHajibHoft hm OKpyjKHOCTbio, (ii) saKjiiOHeHHbie MejKfly flByMH pacxoflam,HMHca 
npsaiHMH, hx o6ih;hm nepneHflHKyjiHpoM h opToronajibHofi k him SKBHflHCTaHTOii, 11 (iii) aaKjiiOHeHHbie 
MejK,n,y ,n,ByMH napajijiejibHBiMH npaMbiMH h opToroHajibHbiM k hhm ophu,hkjiom. 



^ Cx\x-y\ + C 2 



(1) 



3aMeuaHue 1. 3,n;ecB rot/(x) o3HanaeT poTop (pyHKirHH / b tohkc x = (xi,x 2 ) E M 2 , t. e. 

df 2 dfi 
rotf(x) = tt^(x) - ^—{x). 

OX % OX2 

3aMeHanue 2. Ecjih cpyHKirHH l/a(x) HMeeT 3KcnoHeHirHajiBHBiH pocT (Tax hto ycnoBue 
([T]) rpy6o He co6jnoflaeTca) , to yTBepac^eHHe TeopeMBi [T] ^axce fljis noTeHHHajiBHBix oto6- 
pajKeHHii (t. e. TaKHx, hto rot/(x) = 0) mojkct He HMeTb MecTa. HanpHMep, oto6- 
paaceHHH f(xi,x 2 ) = (e Xl sinx2, e xi COSX2) HMeeM rotf(x) = 0, det f'(xi, X2) = — e 2xi , 
f(M. 2 ) = IR 2 \{(0,0)}, h Kaac^aa Tonica H3 /(M 2 ) HMeeT GecKOHenHoe hhcjio npoo6pa30B. 

TeopeMa 2 (H.B. EcpHMOB [8J). ITycmb f : M 2 — )■ K 2 npuHadjieotcum KAaccy C 1 u nycrrib 
cymecmeyem nocmoAHHa a = const > 0, manasi, umo 3ah ecex x E M. 2 eunoAHeno nepa- 
eeHcmeo 

I det f'(x) I ^ a|rot/(x)| + a 2 . 
Tosda f(M?) ecmt) yiw5o 6ecKoneHHaH nojioca Meatcdy napajuiejibnuMu npsiMUMu, au6o no- 
AynjiocKocmb, au6o nAOCKocmt u f omo6paofcaem R 2 na f(M. 2 ) soMeoMoptfmo. 

3aMeHanue 3. Ycjiobkh TeopeMBi [2] 3aBe^;oMo BBinojiHeHBi, ecjin ^jih Bcex 16K 2 cnpaBefl- 
jihbbi Hep aBeHCTBa | det/'(x)| ^ const > h |rot/(a:)| ^ const. 

B HacToaru;eH CTaTBe penb h^t o cjie^e, ocTaBjieHHOM TeopeMaMH [T] h [2] b MaTeMara- 
Ke. ToHHee, mbi ^aeM o63op aHajioroB sthx TeopeM, hx o6o6m;eHHH h npHjiojKeHHH, 3a 
nocjie^HHe 40 jieT. OT^ejiBHBie pa3,a;ejiBi nocBsmreHBi o63opy pa6oT, MOTHBHpoBaHHBix hc- 
cjie^oBaHHHMH no TeopHH noBepxHOCTeii, TeopHH (pyHKHHH, Hccne^oBaHHHM no rnnoTese 
HKo6naHa h rjio6ajiBHOH acHMnTOTHnecKOH ycTOHHHBocTH ^HHaMHnecKHx cncTeM. 

2. PE3yjIbTATbI, MOTHBHPOBAHHblE TEOPHEM nOBEPXHOCTEH 

B cTaTBHx B. E. KaHTopa |9] h C. II. TeficGepra j3], onyGjiHKOBaHHBix b 1970 ro^y h 
nocBHH^eHHBix H3yneHHio HopMajiBHoro o6pa3a nojiHoft noBepxHocTH oTpnijaTejiBHOH Kpn- 

BH3HBI, HCCJie^OBaH, B HaCTHOCTH, BOnpOC O TOM, KaKaH H3 yKa3aHHBIX H. B. E(pHMOBBIM 

b TeopeMe |2] bo3mojkhoct6h ^jih /(M 2 ) b ^eficTBHTejiBHocTH peajiH3yeTCH. OnnnieM 3th 
pe3yjiBTaTBi, Bonie^Hine b yneGHHK [2J §31], no,npo6Hee. 

^JIH JIHHeHHOFO OTo6pa>KeHH5I fl(xi,X 2 ) = X2, f 2 (Xl,X 2 ) = X\ o6jiaCTB /(M 2 ) HBJIHeTCH 
njIOCKOCTBK). TaK HTO B yCTOBHHX TeopeMBi |2] o6jiaCTB /(M 2 ) ^efiCTBHTejIBHO MOJKeT 6bitb 
njIOCKOCTBK). 

B [9j B. E. KaHTop npHBeji npHMep cjie^yiornero OTo6pa>KeHHH / : R 2 — > M 2 

fi{xi, x 2 ) = In (xi + \]x{ + e- 2x *) + x 2 , f 2 (xi,x 2 ) = ^ x 2 + e" 2 ^, (2) 
fljis KOToporo 

det f(x) = const < h rot f(x) = 0, (3) 

h, BMecTe c TeM, f(M. 2 ) ecTB nojiynjiocKocTB. Tax hto h 3Ta bo3mo>khoctb, yKa3aHHaa b 
TeopeMe |2l peajiH3yeTCH. 

OcHOBHan H^ea B. E. KaHTopa coctoht b tom, hto ycjioBHH ()3]) 6y^yT 3aBe^;oMo bbi- 
nojiHeHBi, ecjin oTo6pa>KeHHe / = (fi, f 2 ) noTeHii^HajiBHo (t. e. ecjin cymecTByeT cpyHKii;H5i 
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if : R 2 — > R, Ha3biBaeMa noTeHHHajiOM, TaKaa, hto fj = dtp/dxj rjir j = 1, 2) h noTeHHHaji 
y^oBjieTBopaeT ypaBHeHHio MoH>Ka - AMnepa 



JJajiee oh HcnojiB3yeT KjiaccHnecKoe napaMeTpnnecKoe npe^cTaBjieHHe fljia perneHHH ypaB- 
HeHHH MoHJKa - AMnepa [6j h nojiynaeT He o^ho OTo6pa>KeHHe ([2]) , a H,ejiBiH Kjiacc HeTpn- 
BHajiBHBix npHMepoB OTo6pa>KeHHH / : R 2 — y R 2 , y^BjieTBopHroiinrx ycnoBHHM fl3]), fljia 

KOTOpBIX /(R 2 ) ecTB nOJiynjIOCKOCTB. 

B [9 J B. E. KaHTop ,noKa3aji Taxace, hto ecAu eunoAnenu ycAoeun Q, mo /(R 2 ) ne mo- 
otcem 6umb hoaocou h BbicKa3aji rnnoTesy o tom, hto e ycAoeunx meopeMulB H.B. Ecfiu- 
Moea o6Aacmt> /(R 2 ) eoo6m,e ne Mowcem 6urm> uoaocou. 3t& rnnoTesa ocTaeTCH He^oKa- 
3aHHoii h noHBiHe. 

C. JI. TeflcGepr b [3] hcckojibko ycnjinji pe3yjibTaT B.E. KaHTopa, noxasaB, hto /(R 2 ) ne 
MOCHcem 6urm> uoaocou hu e oOhom U3 CAedymmxLX CAyuaee: 

(a) ecmdy ene nenomopozo Kpyza eunoAnenu ycAoeusi rotf(x) = 0, detf'(x) = —g 2 (x), 
g(x) ^ const > 0, npuueM (fiyHKyufi g eunyKAa enu3; 

(6) rot/(x) = 0, a detf'(x) ecmt> mhozohach, npuHUMamv^uu moAt>Ko ompuyameAbHue 
3HaueHUSi, paenoMepno omdeAennue om nyAA. 

MeTOfl, npnMeHsieMBiH C. JI. reiic6eproM, 6jih3ok opHrHHajiBHOMy MeTo^y H.B. EcpHMo- 
Ba h ocHOBaH Ha H3yneHHH xapaKTepncTHK oTo6pa>KeHHH / : R 2 — > R 2 , t. e. jihhhh Ha 
njiocKocTH (xi,X2), Ha KOTopBix BBinojiH5HOTC5i jih6o cooTHonieHHH df\ = g(xi,X2)dx2 H 
df 2 = —g(xi,X2)dxi, jih6o cooTHonieHHH dj\ = —g[x,\ 1 X2)dx2 h df 2 = g(xi,X2)dxi. 

LIocKOjiBKy OTo6pa>KeHHe g, o6paTHoe k noTeHiniajiBHOMy OTo6pa>KeHHio /, caMO aBjia- 
eTCH noTeHHHajibHbiM, to TeopeMy [2] mojkho nepecpopMyjinpoBaTB cjieflyioiirHM o6pa30M: 
IJycmb o6Aacmt> Del 2 manoea, umo cyu^ecmeyem nomenyuaAbHuu o6pavj ) aK>va i uu opu- 
enmayuK) C 1 -du<fi<f>eoMopdiu3M g, omo6pacHcawui ) uu o6Aacrm> D na ecto nAOCKOcmb R 2 u 
maKou, umo 3aa ecex y G R 2 u Henomopou nocmosmnou b = const > eunoAHeno nepa- 
eencmeo \ det g'(b)\ ^ b. Tosda D ecmb au6o 6ecKoneHHasi noAoca Meotcdy napaAJieAbHUMu 
npAMUMU, au6o noAyriAOCKOcmt), au6o nAOCKOcmb. 

B flHccepTauHH r. 51. LlepejiBMaHa [12], nocBaineHHoft nccjie^oBaHHio ce^jioBBix noBepx- 
HocTefl b eBKjiH^oBBix npocTpaHCTBax, H3yneH, b nacTHocTH, Bonpoc o tom, KaKHMH MoryT 
6bitb o6jiacTH D, ecjin b npe^Bi^yu^eM yTBepac^eHKH oTKa3aTBCH ot Tpe6oBaHHH orpaHH- 
neHHocTH aKo6HaHa ^H(p(peoMop(pH3Ma g. A hmchho, hm nojiyneHa cjie^yromas TeopeMa: 

TeopeMa 3 (r. 51. LlepejiBMaH [T21 c. 78]). BunyKAue oBAacmu, donycKawut/ue nomenyu- 
aAt>Huu o6paiu > awiu ) uu opuenmayum C 1 -du$cf)eoMop(fju3M na nAocKocmt> — smo e monuo- 
cmu o6Aacmu U3 CAedymmeso cnucna: 

(1) mpeydOAbHUKU, 

(2) nemupexyeoAbHUKu; 

(3) UAOCKOCmb] 

(4) noAynAOCKOcmb; 

(5) noAoca; 




(6) yzojv, 

(7) noJiynojioca; 

(8) ysoA c ompe3a,HHOu eepiuuHou; 

(9) noAynoAoca c ompe3aHHou eepmunou. 

^oKasaTejitcTBo TeopeMbi [31 npe^;jio>KeHHoe V. 5L IlepejibMaHOM, HBjiaeTca: Mo,n;H(pHKa- 
u,Hefl ^0Ka3aTejibCTBa TeopeMbi [51 ^aHHoro H.B. EcpiiMOBbiM. 

3. PE3yjIbTATbI, MOTHBHPOBAHHblE TEOPHEH OYHKIJHH 

B pa6oTax [TJ [13] noKa3aHo, hto cjie,nyioiii;aH TeopeMa sKBHBajieHTHa TeopeMe[T]H. B. EcpH- 

MOBa. 

TeopeMa 4 (B. A. AjiexcaimpoB [U1I3]). Tlycmh f : M 2 — > R 2 npunadAeatcum K/iaccy C , 
npuueM det f'(x) < djia ecex i£l 2 . Ilycmb, npoMe mozo, cyv^ecmeymm noAOOfcumeAt- 
nasi ipyHKv^ufi a(x) > u neompuyameAbHue nocmosmnue Ci,C2 maKue, nmo 3aa ecex 
x,y cnpaeedAueo Hepaeencmeo 

' ' ^C 1 \x-y\ + C 2 . 



a(x) a(y) 

Tosda ecAU 3ah ecex i6l 2 eunoAHeno Hepaeencmeo 

\fMi(x)\ ^ \ni(x)\ ^ a(x), 

ede H\(x) u ^{x) — co6cmeeHHue hucacl auhcuhozo omo6pacnceHUJi f'{x), mo /(M 2 ) ecmt> 
eunyKAdtt oBAacmt u f omo6pacHcaem M 2 na /(M 2 ) soMeoMopfino. 

IIpe^jiojKeHHoe b (U [13] flOKa3aTejiBCTBo TeopeMbi H] coctoht b tom, hto6bi y6e,n;jiTbca, 
hto H3 ycjioBHii TeopeMbi H] BbiTeKaioT ycjioBH3 TeopeMti [1] H. B. EcpHMOBa. Kax yxa3a- 
ho b [TJ ITS] . H. C,ZIaiip6eKOBbiM Gbijio 3aMeHeHo hto h Hao6opoT H3 ycnoBnii TeopeMbi [1] 
BbiTeKaioT ycjioBiia TeopeMbi [H B stom cMbicjie TeopeMbi [1] n H] 3KBHBajieiiTHbi. 

TeopeMa HJ no HaineMy MHeHiiio, yKa3biBaeT HanpaBjiemie, b kotopom cjie,n;yeT ncxaTb 
MHoroMepHbie aHajiorn TeopeMbi [I] H. B. EcpHMOBa. ,ZI,Jia 66jibineii hchocth ccpopMyjinpyeM 
npocTeflrnyio riinoTe3y, jiejKauxyio b btom HanpaBjieimii. 

THnoTe3a 1 (B. A. AjieKcaimpoB [TJ [13]). Ilycmb n ^ 2 u f : IR n — > R" npunadAeotcum 
KAaccy C 1 , npuueM detf'(x) 7^ Bar ecex x G M". Ilycmb, npoMe moso, cyu^ecmeyem 
nocmoHHuan K < +00 mama, umo Bar ecex xGK™ cnpaeedAueo Hepaeencmeo 

p{f{x)- x ) ^ K, 

ede pif'ix)^ 1 ) — cneKmpaAtHuu paduyc auhcuhozo omo6pacnceHUSi fix)" 1 , m. e. MaKcu- 
MyM ModyAR ezo co6cmeeHHUx uuceA. Tosda /(M n ) neAsiemcH eunyKAou oBAacmtm u omo6- 
pacHcenue f uuveKmueHO. 

SaMeTHM, hto, KaK cjie^yeT H3 TeopeMbi HJ npn n = 2 11 det f'(x) < rrrnoTe3a [1] Bepiia. 

B TeopHH cpyHKii;HH xopoino n3BecTeH ii;hkji pe3yjibTaTOB, oGbihho Ha3biBaeMbix «Teope- 
Moii o rjio6ajibHoli o6paTHoii (pyHKHHH». no-BH^HMOMy, nepBbili pe3yjibTaT Taxoro po^a 
6biji nojiyneH >K. A^aMapoM [22j b 1906 ro^y ^jia oTo6pa>KeHiiH M 2 b ce6a. Co BpeMerieM 



bbihchhjiocb, hto nonp6Horo pon,a yTBepncneHKH cnpaBen,jiHBbi h fljia oTo6pa:>KeHHft 6aHa- 
xobbix npocTpaHCTB . Jlflz onpe^ejieHHOCTH mbi ccpopMyjiHpyeM o^hh H3 sthx pe3yjibTaTOB: 

TeopeMa 5 (P. IIjiacTOK [26J). ITycmb b u B — 6anaxoeu npocmpaHcmea, a nenpepueno 
dudjdjepeHyupyeMoe omoBpawcenue f : b — > B AeAMemcsi AOKaAbHUM dOMeoMopd)U3MOM, 
npuneM AuueuHoe omo6pacnceHue f'(x) o6pamuMO npu aw6om x G b u 

+00 

I inf \\f(x)- 1 \\- 1 dt = +oo. (4) 
J INK* 

Tosda f 63auM.no odno3HaHHO omo6paotcaem b na ece npocmpaHcmeo B. 

Otmcthm, hto ecjiH cymecTByeT nocTOHHHan K < +00 Taxaa, hto h,jih Bcex x G b 
cnpaBe^jiHBo HepaBeHCTBo 

HA*)- 1 !!**, (5) 

to ycjioBHe @ TeopeMbi [5] 3aBe,n;oMo BbinojiHeHo. A nocKOJibKy ^ ll/'^) -1 !!; TO 

fljia OTo6paaceHHH npocTpaHCTBa M n , ynpBjieTBopHioiiiHX ycnoBHio fl5]), rnnoTesa [I] 3aBe- 
flOMO BepHa. Bojiee Toro, fljia Taxnx OToGpaaceHHft f(M. n ) He npocTO HBjineTCH BBinyKjioft 
oGjiacTBio, ho coBna^aeT c M. n . 

YxajKeM eme ohhh ecTecTBeHHBift Bonpoc, cBH3aHHBift c rnnoTesoft [TJ ocTaioiuHftcH ot- 
kpbitbim no chx nop. Oh coctoht b tom, hto6bi naumu oyenny paduyca mapa, zdc cym,e- 
cmeyem o6pamnoe omo6pacHceHue f , e mepMunax cnenmpaAbHozo paduyca p{f'{x)^ 1 ), 
aHajiorHHHyio ou,eHKe H3 cjie,nyioiii;eft TeopeMBi, oGoGiiiaioiHeft TeopeMy [5j 

TeopeMa 6 (O. ^jkoh [21] )• Bycmb b u B — 6anaxoeu npocmpaHcmea, u> C b — map 
paduyca r c yenmpoM x, f : u> — >■ B — AonaAbHuu C l -20MeoMopdjU3M. Tozda o6pamnoe 
omo6pacHceHue / _1 cyu^ecmeyem e mape Q C B c yenmpoM f(x) u paduycoM 



r 

R= I inf WfiyY^dt. 

J \\x— llW^it 



\\x—y\\^d, 
J/60J 



4. PE3yjTi>TATH , MOTHBHPOBAHHblE rHI10TE30H HKOBHAHA 

3HaMeHHTaa rnnoTesa HKo6naHa yTBepjK^aeT, hto ccau f : C n — > C n noAUHOMuaAbuo 
u detf'(x) ytz dAA ecsiKoso x G C n , mo f ujvieem noAUHOMuaAbnoe o6pamnoc. 3^ect 

X = (Xl,...,X n ) G C™, f(x) = (fl(x),...,f n (x)) H KaJKHaH KOMnOHeHTa fj(x) HBJIHeTCH 

MHoroHjieHOM ot n nepeMeHHBix x\, . . . , x n . 

THnoTese HKo6naHa nocBHineHa oGninpHan jiHTepaTypa, cm. HanpHMep, KHHry |19j h yxa- 
3aHHbie b Heft ccbijiKH. O^HaKo b npHBe^eHOM Bbinie BH,n;e OHa He n,OKa3aHa flo chx nop. O 
ee 3HaneHHH roBopHT, xoth 6bi, tot cpaKT, hto C. CMeftji bkjhohhji ee b cboii 3HaMeHHTBift 
cnncoK «MaTeMaTHHecKHe npo6jieMbi fljis cjienyioiHero BeKa» [28] . 



7 

Otmcthm, hto H3BecTHt»i pa3JiHHHBie ^onojiHHTejibHbie ycjioBHa Ha oTo6pa>KeHHe /, npn 
BbinojiHeHHH KOTopbix rnnoTe3a aKoGnaHa 3aBe,n;oMo cnpaBe^jiHBa. O^hhm H3 TaKHx flonoji- 

HHTejIbHblX yCJIOBHH SBJISeTCSI TpeGoBaHHe HHteKTHBHOCTH OTo6pa>KeHH5I /J| 3thm o6i.hc- 

HaeTca Hnrepec cneiiHajiHCTOB no npo6jieMe 5iKo6naHa k ycjioBHHM, rapaHTHpyromHM HHt- 
6KTHBHOCTB oTo6pa>KeHHH. YxajKeM o^Hy H3 BBicKa3aHHBix hmh rnnoTe3: 

THnoTe3a 2 (M. HeM6epji3Hfl [15|). Hycmt n ^ 1 u f : ¥L n — > R n npunad/iecHcum KAaccy 
C 1 , npuneMdet f'(x) ^ 3ah ecexx G M n . Uycmb, KpoMe moso, cyv^ecmeyem nocmoHnnasi 
K < +oo manasi, nmo 3ah ecex x G M n cnpaeedAueo Hepaeencmeo 

pU\xY l ) < K, 

zde p(/'(x) _1 ) — cnenmpaAhHuu paduyc AUHeunoso omo6paotcenufi f'{x)~ 1 . Toeda omo6pa- 
CHcenue f unneKmueno. 

IIo^nepKHeM, hto rnnoTe3a |2] b uejioM coBna^aeT c rnnoTe3on [H xots cpopMajibHO n 
cjiaGee nocjie^Hen. Ho n rnnoTe3a |2] Ha cero^Hs ocTaeTca otkpbitoh. Han6ojiee 6jih3khm k 
Heft no ^yxy pe3yjiBTaTOM HBjiaeTca cjie^yiomaa TeopeMa: 

TeopeMa 7 (M. HeM6epji3H^, V. MeftcTepc [15]). Tlycmb n ^ 1 u nenpepueno ducfxfie- 
pemijUpyeMoe omo6pacnceHue f : M n — >■ M n maKoeo, nmo det/'(x) 7^ (?as ecex x G M n . 
Tlycmt, KpoMe mozo, Bar ecex x G M. n eunoAHHemcn Hepaeencmeo 

p{[f'{x)f{xrY 1 ^ ^ const, 

2^e p(L) — cnenmpaAhHuu paduyc AuneuHoso omo6paotcenufi L, a L* — omo6paotcenue, 
conpttmceHHoe k L. Tozda f UHveKmueuo. 

5. PE3yjTi>TATH , MOTHBHPOBAHHblE H3YHEHHEM TJIOBAJIbHOH 
ACHMnTOTHHECKOH yCTOHMHBOCTH flHHAMHHECKHX CHCTEM 

Ilpo6jieMa rjio6ajiBHoft acHMnTOTHnecKoft ycToftnHBocTH fljmaMHHecKnx chctcm Ha njioc- 
kocth MOJKeT 6bitb ccpopMynnpoBaHa Tax: PaccMompuM aemoHOMHyw cucmeMy na haoc- 
Kocmu 

Xl =/l(Xi,X 2 ), 

3ah Komopou moHKa (xi,X2) = (0,0) ReAfiemcsi oco6ou^, a co6cmeeHHue nucAa jvtampu- 
u,u Hko6u omo6pa,MceHUfi f = (f\, f'2) UMemm ompuyameAbHue eem,ecmeeHHue uacmu e 
aw6ou moHKe nAOCKOcmu. 

Bepno au, nmo mosda mpueuaAbHoe pexuenue (rci, X2) = (0,0) SAo6aAbHO acuMnmomu- 
uecnu ycmouHueo, m. e. eepno au, nmo Aw6oe pemenue cmpeMumcA k mowne (0, 0) npu 
t ^00? 

3 3jieMeHTapHoe flOKa3aTejibCTBO Toro, hto ecjin / iihtdBkthbho , to oho ciopteKTHBHO h / _1 iiojihhomh- 
ajibHO, flaHO b |27| . 

4 T.e. / 1 (0,0) = / 2 (0,0) = 0. 
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Ilpo6jieMa rjio6ajibHoft acHMnTOTHnecKOH ycTonnHBocTn nrpaeT BaacHyio pojib b Teopnn 
h npnjioJKeHHHX ^HHaMHHecKHX CHCTeM, cm., HanpHMep, [17J. 

CorjiacHo 3HaMeHHTon TeopeMe JIanyHOBa, aBTOHOMHaa cncreMa jiHHeHHbix ^nicpcpepeH- 
rpiajibHbix ypaBHeHHfl x = Ax, x G W 1 , aBjiaeTca acHMnTOTHnecKH ycTOHHHBOH , ecjin Bee 
co6cTBeHHBie 3HaieHH5i nocTOHHHofi MaTpnubi A HMeioT oTpiin;aTejibHbie ^eficTBHTejibHbie 
nacTH. TaKHM o6pa30M, npo6jieMa rjio6ajiBHOH acnMnTOTHnecKOH ycToiiHHBocTH oTBenaeT 
Ha Bonpoc o tom mojkho jih ,n;ejiaTb bbibo,h; 06 acHMnTOTHHecKoii ycTOHHHBOCTH jiio6oro pe- 
ineHHa HejiHHeiiHoii chctcmbi ([6]) , Kax tojibko ycTaHOBjieHa acHMnTOTHnecKan ycTonnHBocTb 
jiio6oro pemeHHJi KaJK^OH jiHHeapn30BaHHOH chctcmbi. 

B 1963 rcfly H. Ojiex o6Hapy>KHji TecHyio cbh3b Mempy npo6jieMoli rjioGajibHoii acHMn- 

TOTHHeCKOH yCTOHHHBOCTH H HHT>eKTHBHOCTbIO HeKOTOpblX OTo6p aJKeHHH . A HMeHHO, OH 

,a,OKa3aji cne^ryioiiryio TeopeMy: 

TeopeMa 8 (H. Ojiex |25|). Cjiedywupie dea ymeepcHcdenua aneueaAenmnu: 

(1) npo6Aejvia 2Ao6aAt>nou acuMnmomuuecKou ycmouHueocmu uMeem no/iowcumejibHoe 
pemenue; 

(2) ecsiKoe nenpepueno dutfitfiepenvAipyeMoe omo6pacHceHue f : R 2 — > M. 2 , co6cmeeHHue 
hucacl Mampuvfii Hko6u nomoposo ecwdy uMewm ompui^amejibHue eeu^ecmeennue nacmu, 
c Heo6xoduMocmbw un&eKmueno. 

B 1994-1995 ro^ax nojio>KHTejiBHoe penieHHe npo6jieMbi rjio6ajiBHon acnMnTOTnnecKOH 
ycTOHHHBocTH noHTH o^HOBpeMeHHo, ho H63aBHCHMo ppyr OT APy r & ; nOJiyHHJIH A. A. Tjiy- 
ihok [5J, P. Oeccjiep [20] h K. TyTbeppec [21]. Bee Tpn penieHHH onnpaioTCH Ha TeopeMy 
Ojiexa. IIpH 3tom HHTepec k npoGjieMe rjioGajibHon acHMnTOTHHecKoft ycTonnnBocTH He 
HCHe3aeT, HanpoTHB, — noaBjiaioTca Bee HOBbie ee ^oxasaTejibCTBa, cm., HanpHMep, [16J. 
Bojiee Toro, cnennajiHCTbi no rjioGajiBHoft acHMnTOTHHecKoft ycTofinnBOCTH nojiynnjin pa3- 
Hoo6pa3Hbie ^HcpcpepeHirHajibHBie npH3HaKH hhtjCkthbhocth oToGpaaceHHH, po^cTBeHHbie 
TeopeMaM [1] h [2j h jiexcaniHe b pyejie rnnoTe3 [1] n |2j IlpHBe^eM 3^;ecb jinnib ^Ba H3 hhx. 
/Jjih SToro o6o3HanHM nepe3 Spec (/) coBOKynHocTb Bcex coGcTBeHHbix 3HaneHHn jinHeftHbix 
OTo6pa>KeHHH f'(x) pns Bcex x G R 2 . 

TeopeMa 9 (K. TyTbeppec [21]). Ilycmb nenpepueno dwfxfiepenv^upyeMoe omo6paofcenue 
f : R 2 — » M 2 maKoeo, nmo Spec (/) fl [0, +00) = 0. Tozda f unneKmueno. 

TeopeMa 10 (M. K060, K. TyTbeppec, >K. JIjinGpe [15]). IJycmb f : R 2 — )■ R 2 — nenpepue- 
no dutficfiepenyupyeMoe omo6paotcenue u nycmb cyv^ecmeyem e > manoe, nmo Spec (/) fl 
(— e, e) = 0. Tozda f unzeKmueno. 

Cbh3b 3thx TeopeM c rnnoTesaMH [T] h [2J a 3HanHT, n c TeopeMaMH [T] n [2]H. B. EcpHMOBa, 
oneBH^Ha. HanpHMep, Hcnojib3ys o6o3HaneHHe Spec (/) rnnoTesy [2] mojkho ccpopMyjinpo- 
BaTb Tax: Ecau nenpepueno ducfxpepeHi^upyeMoe omo6pacHcenue f : M. n — > IR n manoeo, umo 
eyuyecmeyem e > manoe, nmo Kpya c v^enmpoM e nyAe u paduycoM e > na KOMnAeKcnou 
nAOCKOcmu ne nepeceKaemcn c MnocncecmeoM Spec (/), mo f unneKmueno. TaKHM o6pa30M, 
npn n = 2, TeopeMa [10] noKa3biBaeT, hto cnpaBe^jiHBo ^aace Gojiee cnjitHoe, neM rnnoTe- 
3a [21 yTBepjK^eHne: b stom cjiynae ^jih HHteKTHBHOCTH / ^ocTaTOHHO noTpe6oBaTb, hto6bi 



9 



Spec (/) He nepeceKajica tojibko c ^ocTaTOHHo MajibiM HHTepBajioM (—e,e) BemecTBeHHoii 
och, a He c iiejiMM KpyroM pa^nyca e c ijenrpoM b Hyjie. 

6. 3AKJIK3HEHHE 

,H,aHHa2 CTaTba HBjiHeTCH 3anncBio ^oxjia^a, nponHTaHHoro aBTopoM Ha MexcflyHapo^;- 
Hoii KOH(pepeHn;HH « MeTpHHecKaa: reoMeTpna noBepxHOCTeft h MHororpaHHHKOB » , nocBa- 
nieHHOH 100-jieTHio co ,h;hh po>K^;eHH3 HnKOJiaa Bjia^HMHpoBHna EcpHMOBa h ero HaynHOMy 
Hacjie^Hio, npoxcflHBineH c 18-ro no 21-e aBrycTa 2010 ro^a Ha MexaHHKo-MaTeMaTHnecKOM 
cpaKyjibTeTe MocKOBCKoro rocyn;apcTBeHHoro yHHBepcHTeTa HMeHH M. B. JIoMOHocoBa. 

B cTaTte ynoM3HyTBi Bee H3BecTHBie HaM oGjiacTH MaTeMaTHKH, cBH3aHHBie c TeopeMa- 
mh[T]h[2]H. B. EcpHMOBa. Ho, 6yzrynH orpaHnneHBi bo BpeMemi, 3anacTyio mbi He MorjiH b 
npe^ejiax KajK^oii o6jiacTH nepenHCJiHTb Bee pe3yjibTaTBi, cBH3aHHBie c TeopeMaMH [T] h |2J 

B TaKOH CHTyaHHH Mbi npHBO^HJIH TOJIBKO CaMBie CHJIBHBie b cBoefl oGjiacTH pe3yjibTaTbi, 

flocTynHbie HaM Ha momcht HanncaHKH cTaTBH. Cjie^yeT hmctb BBH^y, hto 3anacTyio 3th 
pe3yjiBTaTBi Gbijih nojiyneHBi Heo^HOKpaTHbiM yjiynmeHHeM Gojiee paHHHx h MeHee oGmnx 
TeopeM. CcbijiKH Ha nocjie^HHe 3aHHTepecoBaHHbiH HHTaTejib mojkct HaftTH b HHTHpyeMBix 
HaMH paGoTax. 

O^Haxo ^;a>Ke H3 Haniero KpaTKoro H3Jio>KeHH5i bh^ho, hto b TeopeMax[T]H[2]H. B. Ecpn- 
mob oTKpbiji rjiyGoKHH MaTeMaTHHecKHx cpaKT, KOTopbifl cBH3aH c pa3HbiMH pa3^ejiaMH 

MaTeMaTHKH, KOTOpblfl HenOCpe^CTBeHHO CTHMyjIHpOBajI HCCJie^OBaHHH OflHHX MaTeMaTH- 

kob, jihGo Gbiji nepeoTKpbiT 3aHOBo ^pyrHMH, He 3HaKOMbiMH c pa6oTaMH H. B. EcpHMOBa. 
3tot cpaKT npoHHo cBH3aH c HMeHeM HnKojiaa Bjia^HMHpoBHna EcpHMOBa h npo^ojiacaeT 
^o chx nop HHTepecoBaTB MaTeMaTHKOB. 

CnHCOK JIHTEPATYPbl 

[1] AjieKcaHflpoB, B. A. K Teopeivre EcpHMOBa o /nicpcpepeHHiiajibHbix npH3HaKax roMeoMopcpH3Ma / / MaT. 

c6ophhk. 1990. T. 181, N°-2. C. 183-188. 
[2] BaKejibMaH, H. 51., BepHep, A. JI., KaHTop, B.E. BBe/jeHiie b ^HcpcpepeHHiiajibHyio reoMeTpnio «b 

u,ejiOM». M.: Hayxa, 1973. 

[3] reftc6epr, C.J1. O CBOiicTBax HopMajibHoro OTo6pajKCHHa, nopojK^aeMoro ypaBHenneM rt — s 2 = 

-f 2 (x,y) II Ma T . c6o P hhk. 1970. T. 82, W 2. C. 224-232. 
[4] rnjib6epT, J\. OcHOBaHHH reoMeTpHH. M.; JI.: FocTexH3flaT, 1948. 

[5] TjiyiiiOK, A. A. IlojiHoe peineHHe npo6jieMbi HKo6iiaHa fljia BeKTopHbix nojieii Ha iijiockocth // Ycnexn 

M aT. H ay K . 1994. T. 49, W 3. C. 179-180. 
[6] Typca, 3. Kypc MaTeMaTirqecicoro aHajiH3a. T. Ill, h. 2. M.; JI.: OHTH, 1936. 

[7] EcpiiMOB, H. B. Bo3HHKHOBeHHe oco6eHHOCTefi Ha noBepxHOCTax OTpHHaTejibHoft kphbh3hbi / / MaT. 

cGopmiK. 1964. T. 64, W 2. C. 286-320. 
[8] E(pHMOB. H. B. /iHcpapepeHHHajibHbie npraHaKH roMeoMopcpHOCTH HeKOTopbix OTo6pa»ceHHH c npnMC- 

HeHneM b TeopHH noBepxHOCTeii / / MaT. cGopmiK. 1968. T. 76, N ? 4. C. 499-512. 
[9] KaHTop, B. E. K Bonpocy o HopMajibHOM o6pa3e nojiHoii noBepxHOCTH OTpHHaTejibHoft kphbh3hbi / / 

Ma T . c6o P hhk. 1970. T. 82, W 2. C. 220-223. 
[10] Kjioth-Mhjihop, T. TeopeMa EcpHMOBa o nojiHbix norpyjKCHHbix noBepxHOCTjrx OTpHnaTejibHofi Kpn- 

BH3HH // Ycnexn MaT. Hayx. 1986. T. 41, W 5. C. 3-57. 
[11] Hop^eH, A. II. (pe^;.) 06 ocHOBaHnax reoMeTpnn. C6opHHK KjiaccnnecKHx pa6oT no reoMeTpnn JIo6a- 

neBCKoro h pa3BHTHio ee nflen. M.: TIITTJI, 1956. 



10 

[12] IlepejibMaH, T. 51. Ce/ijiOBbie noBepxHoeni b eBKjiH^OBbix npocTpaHCTBax. JXwcc. . .k&hji. <pH3.-MaT. 

H ay K . JI.: JIOMH, 1990. 86 c. 
[13] Alexandrov, V. A. Remarks on Efimov's theorem about differential tests of homeomorphism // Rev. 

Roum. Math. Pures et Appl. 1991. Vol. 36, no. 3-4. P. 101-105. 
[14] Beltrami, E. Saggio di interpetrazione della geometria non-euclidea // Giornale di Matemat., Napoli. 

1868. T. 6. P. 284-312. 

[15] Chamberland, M. and Meisters, G. A mountain pass to the Jacobian conjecture / / Can. Math. Bull. 

1998. Vol. 41, no. 4. P. 442-451. 
[16] Chen, P. N., He, J. X., and Qin, H. Sh. A proof of the Jacobian conjecture on global asymptotic stability 

// Acta Math. Sin., Engl. Ser. 2001. Vol. 17, no. 1. P. 119-132. 
[17] Chicone, C. Ordinary differential equations with applications. 2nd ed. New York: Springer, 2006. (Texts 

in Applied Mathematics. Vol. 34.) 
[18] Cobo, M., Gutierrez, C, and Llibre, J. On the injectivity of C 1 maps of the real plane // Can. J. 

Math. 2002. Vol. 54, no. 6. P. 1187-1201. 
[19] van den Essen, A. Polynomial automorphisms and the Jacobian conjecture. Basel: Birkhauser, 2000. 

(Progress in Mathematics, Vol. 190.) 
[20] Fessler, R. A proof of the two-dimensional Markus-Yamabe stability conjecture and a generalization 

// Ann. Pol. Math. 1995. Vol. 62, no. 1. P. 45-74. 
[21] Gutierrez, C. A solution to the bidimensional global asymptotic stability conjecture / / Ann. Inst. 

Henri Poincare, Anal. Non Lineaire. 1995. Vol. 12, no. 6. P. 627-671. 
[22] Hadamard, J. Sur les transformations ponctuelles // Bull. Soc. Math. France. 1906. Vol. 34. P. 71-84. 
[23] Hilbert, D. Uber Flachen von konstanter GauBscher Krummung / / Trans. Am. Math. Soc. 1901. Vol. 2. 

P. 87-99. 

[24] John, F. On quasi-isometric mappings. I // Comm. pure appl. math. 1968. Vol. 21, no. 1. P. 77-110. 
[25] Olech, C. On the global stability of an autonomous system in the plane // Contrib. Differential 

Equations. 1963. Vol. 1. P. 389-400. 
[26] Plastock, R. Homeomorphisms between Banach spaces / / Trans. Am. Math. Soc. 1974. Vol. 200. P. 

169-183. 

[27] Rudin, W. Injective polynomial maps are automorphisms / / Am. Math. Mon. 1995. Vol. 102, no. 6, 
540-543. 

[28] Smale, S. Mathematical problems for the next century. In: V. Arnold, M. Atiyah, P. Lax, and B. Mazur 
(eds.). Mathematics: frontiers and perspectives. Providence, RI: American Mathematical Society, 2000. 
P. 271-294. 



CmambH nocmynujia 18 OKmH6pa 2010 2. 



